Abstract. By studying completely integrable torus actions on contact manifolds we prove a conjecture of Toth and Zelditch that toric integrable geodesic flows on tori must have flat metrics.
Introduction
The goal of this paper is to prove a conjecture of Toth and Zelditch [TZ] on toric integrable geodesic flows: Theorem 1. Suppose that g is a metric on a torus T n := R n /Z n which is toric integrable. Then g is flat.
Here are a few words about the terms used in the statement of the theorem. Let (M, g ) be a manifold with a Riemannian metric. Let g * denote the dual metric on the cotangent bundle T * M . The metric g is toric integrable if there exists an action of an n-dimensional torus G (n = dim M ) on T * M 0 (the cotangent bundle minus the zero section) which preserves g * , preserves the canonical symplectic structure on the cotangent bundle and commutes with the natural action of R + on the fibers of T * M 0 → M : ρ a (q, p) := (q, ap) for all a ∈ R + , all q ∈ M and all p ∈ T * q M {0}. Toric integrability of g is equivalent to the kinetic energy Hamiltonian h(q, p) := 1 2 g * q (p, p) on T * M 0 being completely integrable with global R + -homogeneous action variables. Recall that the flow of the Hamiltonian vector field of the Hamiltonian h above is the geodesic flow.
As a first step, following Toth and Zelditch, let us reduce the proof of Theorem 1 to a statement about actions of tori on their punctured cotangent bundles. To wit, suppose we know that any action of an n-torus G on M = T * T n 0 which is symplectic and commutes with the action of R + , is actually a free action. Then, as indicated in [TZ] we can apply a theorem of Mañe Theorem 2 (Mañe, [M] ). Let (M, g ) be a Riemannian manifold with a geodesic flow φ t : T * M 0 → T * M 0. Suppose the flow φ t preserves the leaves of a non-singular Lagrangian foliation of T * M 0. Then (M, g) has no conjugate points.
to conclude that the toric integrable metric on T n has no conjugate points. Finally, following [TZ] again, and applying Under the hypotheses of the proposition, the action of G descends to an action on the co-sphere bundle M := (T * T n 0)/R + . Moreover this induced action G preserves the natural contact structure ξ on M (we'll discuss contact structures in more detail momentarily). Consequently the proof of Theorem 1 reduces to Theorem 4. Suppose that an n torus G acts effectively on the co-sphere bundle M := S(T * T n ) of the standard n-torus T n preserving the standard contact structure on M . Then the action of G is free.
Our strategy is to study completely integrable torus actions on arbitrary (compact connected co-oriented) contact manifolds and to show that if an action is not free then the underlying manifold cannot be the product of a torus and a sphere of the appropriate dimensions.
Acknowledgments. We thank Steve Zelditch for suggesting the problem.
A note on notation. Throughout the paper the Lie algebra of a Lie group denoted by a capital Roman letter will be denoted by the same small letter in the fraktur font: thus g denotes the Lie algebra of a Lie group G etc. The identity element of a Lie group is denoted by 1. The natural pairing between g and g * will be denoted by ·, · .
When a Lie group G acts on a manifold M we denote the action by an element g ∈ G on a point x ∈ G by g · x; G · x denotes the G-orbit of x and so on. The vector field induced on M by an element X of the Lie algebra g of G is denoted by X M . The isotropy group of a point x ∈ M is denoted by G x ; the Lie algebra of G x is denoted by g x and is referred to as the isotropy Lie algebra of x. We recall that
If P is a principal G-bundle then [p, m] denotes the point in the associated bundle P × G M = (P × M )/G which is the orbit of (p, m) ∈ P × M .
Group actions on contact manifolds
Recall that a co-oriented contact manifold is a pair (M, ξ) where ξ ⊂ T M is a distribution globally given as the kernel of a 1-form α such that dα| ξ is nondegenerate. Such a 1-form is called a contact form.
A co-sphere bundle S(T * N ) of a manifold N (defined with respect to some metric) is a natural example of a contact manifold: the contact form is the restriction of the Liouville 1-form to the co-sphere bundle.
The condition that a distribution ξ ⊂ T M is contact is equivalent to: the punctured line bundle ξ • 0 is a symplectic submanifold of the punctured cotangent bundle T * M 0, where ξ • is the annihilator of ξ in T * M . Note that if ξ = ker α then α is a nowhere zero section of ξ • . (Conversely any nowhere vanishing section of ξ • is a contact form.) Thus if ξ = ker α then ξ • 0 has two components. If a compact connected Lie group G acts on M and preserves the contact distribution ξ, then the action of G on ξ • maps the components of ξ • 0 into themselves. Hence given a contact 1-form α with ξ = ker α, we can average it over G and obtain a G-invariant contact formᾱ with ξ = kerᾱ. Note that each component of ξ • 0 is the symplectization of (M, ξ).
Definition 2.1. An action of a torus G on a contact manifold (M, ξ) is completely integrable if it is effective, preserves the contact distribution ξ and if 2 dim G = dim M + 1.
Note that if an action of a torus G on (M, ξ) is completely integrable, then the action of G on a component ξ • + of ξ • 0 is a completely integrable Hamiltonian action and ξ • + is a symplectic toric manifold.
Completely integrable torus actions on co-oriented contact manifolds and contact toric manifolds have been studied by Banyaga and Molino [BM] and by Boyer and Galicki [BG] . To state their results it would be convenient to first digress on the subject of moment maps for group actions on contact manifolds.
If a Lie group G acts on a manifold M preserving a contact form α, the corresponding contact moment map Ψ α : M → g * is defined by
for all x ∈ M and all X ∈ g, where X M denotes the vector field corresponding to X induced by the infinitesimal action of the Lie algebra g of the group G:
The definition above is convenient but somewhat problematic because it depends on a choice of an invariant contact form. That is, the moment map does not solely depend on the contact distribution and the action. Fortunately there is also a notion of a contact moment map that doesn't have this problem. Namely, suppose again that a Lie group G acts on a manifold M preserving a contact distribution ξ. The lift of the action of G to the cotangent bundle then preserves the annihilator ξ • . The restriction Ψ = Φ| ξ • of the moment map Φ for the action of G on T * M to depends only on the action of the group and on the contact distribution. Moreover, since Φ : T * M → g * is given by the formula
for all q ∈ M , all p ∈ T * q M and all X ∈ g, we see that if α is any invariant contact form with
There is another reason why the universal moment map Ψ : ξ • → g * is a more natural notion of the moment map than the one given by (2.1). The vector fields induced by the action of G preserving a contact distribution ξ are contact. The space of contact vector fields is isomorphic to the space of sections of the bundle T M/ξ → M . Thus a contact group action gives rise to a linear map
The moment map should be the transpose of the map (2.2). The total space of the bundle (T M/ξ) * naturally maps into the space dual to the space of sections Γ(T M/ξ):
where π : (T M/ξ) * → M is the projection and ·, · is the paring between the corresponding fibers of (T M/ξ) * and T M/ξ. In other words, the transpose Ψ : (T M/ξ) * → g * of (2.2) should be given by
q and all X ∈ g, which exactly the definition of Ψ given earlier. Thus part of the above discussion can be summarized as Definition 2.3. Let (M, ξ) be a co-oriented contact manifold with an action of a Lie group G preserving the contact distribution and its co-orientation. Let Ψ : ξ • + → g * denote the corresponding moment map. We define the moment cone C(Ψ) to be the image of a connected component ξ • + of ξ 0 plus the origin:
Hence, if α is an invariant 1-form on M with ker α = ξ then
where Ψ α : M → g * is the moment map for the action of G on (M, α) .
Note that the moment cone does not depend on the choice of a contact form; it is a true invariant of the co-oriented contact structure and the group action.
Definition 2.4. We define a contact toric manifold to be a triple (M, ξ = ker α, Ψ : ξ • + → g * , where (M, ξ) is a compact connected co-oriented contact manifold and Ψ : ξ • + → g * is the moment map defined by an effective completely integrable action of a torus G preserving the contact form α. Note that in this case 2 dim G = dim M + 1.
Proof of Theorem 4
Banyaga and Molino proved [BM] Theorem 3.1. Let (M, ξ = ker α, Ψ : ξ • + → g * ) be a contact toric manifold and let Ψ α : M → g * denote the moment map defined by α.
Suppose the action of G on M is free. Then the orbit space M/G is diffeomorphic to a sphere. The following result is implicit in a paper of Boyer and Galicki [BG] .
Suppose there exits a vector X ∈ g such that the component of the moment map Ψ α , X is strictly positive on M . Then M is a Seifert bundle over a (compact) symplectic toric orbifold.
We remind the reader that a symplectic toric orbifold is a symplectic orbifold with a completely integrable Hamiltonian torus action. Such orbifolds were classified in [LT] .
Proof of Theorem 3.2. Since M is compact, the image Ψ α (M ) is compact. Therefore the set of vectors X ′ ∈ g, such that the function Ψ α , X ′ is strictly positive on M , is open. Hence we may assume that X lies in the integral lattice ℓ := ker(exp : g → G) of the torus G. Let H = {exp tX | t ∈ R} be the corresponding circle subgroup of H.
Let
Since the function Ψ α , X is nowhere zero, the action of H on M is locally free. Consequently the induced action of H on the symplectization (N, ω) = (M × R, d(e t α ′ ) is locally free as well. Hence any a ∈ R is a regular value of the X component Φ, X of the moment map Φ for the action of G on the symplectization (N, ω). Note that Φ(x, t) = −e t Ψ α ′ (x). Now M × {0} is the −1 level set of Φ, X . Therefore B := ( Φ, X ) −1 (−1)/H ≃ M/H is a (compact connected) symplectic orbifold with an effective Hamiltonian action of G/H. The orbit map π : M ≃ ( Φ, X ) −1 (−1) → B makes M into a Seifert bundle over B. A dimension count shows that the action of G/H on B is completely integrable.
Remark 3.3. It is easy to see that the moment cone for the action of G on M is a cone on the moment polytope of B. In particular it is a proper polyhedral cone, that is, it contains no linear subspaces.
Suppose there exits a vector X ∈ g such that the component of the moment map
Proof. By Theorem 3.2 the manifold M is a Seifert bundle over a compact connected symplectic toric orbifold B. A generic component of the moment map on B is a Morse function with all indices even. The standard Morse inequalities hold rationally for Morse functions on orbifolds (see [LT] . Therefore the first cohomology H 1 (B, Q) is zero.
Next we apply the Gysin sequence to the map π : M → B. Since the Gysin sequence comes from the collapse of the appropriate spectral sequence and since rationally the "fibration" π is a circle bundle, the Gysin sequence does exist. We have 0 Combining Corollary 3.5 with Theorem 3.1 we see that if an n-dimensional torus G (n > 2) acts on the co-sphere bundle M = (S(T * T n ) preserving a contact form α and if the action is not free, then the corresponding moment cone C(Ψ α ) contains a linear subspace P of positive dimension.
Note that such a manifold M cannot be the co-sphere bundle of a torus T n .
Proof. By Theorem 3.1 the fibers of the contact moment map Ψ α are connected. Let Φ α : M × R → g * denote the symplectic moment map for the Hamiltonian action of G on the symplectization (M × R, d(e t α)) of (M, α). As we have seen previously Φ α (m, t) = −e t Ψ α (m). Thus Φ α (M × R) ∪ {0} = C(Ψ α ) and the fibers of Φ α are connected. The triple (M × R, d(e t α), Φ α ) is a symplectic toric manifold. Since the image of Φ α is contractible and since the fibers of Φ α are connected, it follows from a theorem of Lerman, Tolman and Woodward (Lemma 7.2 and Proposition 7.3 in [LT] ) that the image of Φ α determines the symplectic toric manifold (M ×R, d(e t α), Φ α ) uniquely. In particular the image determines the first cohomology group of M .
A standard argument for Hamiltonian G-spaces implies that the subspace P is the annihilator of the Lie algebra h of a subtorus H of G. Since H is a subtorus, the exact sequence 1 → H → G → G/H → 1 splits. Let K ≃ G/H be a subtorus in G complementary to H and let g * = h * × k * be the corresponding splitting of the duals of the Lie algebras. Then P ≃ k * and C(Ψ α ) = P × W where W ⊂ h * is a proper cone. It follows from a theorem of Delzant [D] that the exists a basis w 1 , w 2 , . . . , w l of weight lattice of the torus H so that the edges of the cone W are of the form R + w i . In particular the representation of H on C l defined by the infinitesimal characters w 1 , . . . , w l has the property that the image of the corresponding moment map is W . Consequently we can realize Φ α (M × R) as the image of the moment map for the product action of 0) ), which is homotopic to K × S k+2l−1 . Therefore, since 2k + 2l = 2n and since 2n
It remains to consider the case where (M, α, Ψ α : M → g * ) is a contact toric manifold of dimension 3 and the action of the torus G is not free.
is a contact toric manifold of dimension 3 and the action of the torus G is not free. Then M is a lense space and hence cannot be the co-sphere bundle of a 2-torus.
Unfortunately Banyaga and Molino's theorem (Theorem 3.1) does not apply in this case. We therefore rely on a local normal form theorem for torus actions on contact manifolds.
Proof. Suppose not. Then for some point x ∈ M the orbit G · x is tangent to the contact distribution. Therefore the tangent space ζ x := T x (G · x) is isotropic in the symplectic vector space (ξ x , ω x ) where ω x = dα x | ξ .
We now argue that this forces the action of G not to be effective. More precisely we argue that the slice representation of the connected component of identity H of the isotropy group of the point x is not effective. The group H acts on ξ x preserving the symplectic form ω x and preserving the tangent space to the orbit
as a symplectic representation of H. Here ζ ω x denotes the symplectic perpendicular to ζ x in (ξ x , ω x ). Note that since G is a torus, the action of H on ζ x is trivial.
Observe next that the dimension of the symplectic vector space
On the other hand, since H is a compact Abelian group acting symplecticly on V , its image in the group of symplectic linear transformations Sp(V ) lies in a maximal torus T of a maximal compact subgroup of Sp(V ). The dimension of T is dim V /2 = dim H − 1. Therefore the representation of H on V is not faithful. Since the fiber at x of the normal bundle of
x , the slice representation of H is not faithful. Consequently the action of G in not faithful in a neighborhood of an orbit G · x. Contradiction. Therefore in order to understand the orbit map for contact toric manifolds we need to understand neighborhoods of orbits which are not tangent to the contact distribution.
Let now (M, α) be a contact manifold with an action of a torus G preserving the contact form α. Let Ψ α : M → g * be the corresponding moment map. Suppose that at a point x ∈ M we have Ψ α (x) = 0. Let k be the annihilator of the line through Ψ α (x). Then the subspace k M (x) := {X M (x) | X ∈ k} is isotropic in the symplectic vector space (ξ x , ω x ) where ξ x = ker α x and ω x = dα x | ξx . The vector space V = k M (x) ω /k M (x) is naturally symplectic, and the natural action of the isotropy group H of x on V preserves the symplectic form ω V . Choose splittings
The corresponding splittings g
Theorem 3.9. Let (M, α) be a contact manifold with an action of a torus G preserving the contact form α; let Ψ α : M → g * denote the corresponding moment map. Suppose x ∈ M satisfies Ψ α (x) = 0. Let H denote the isotropy group of x and let k denote the annihilator of
where Φ V : V → h * is the moment map for the linear action of H on (V, ω V ).
It follows from the theorem that Ψ
where f is a nowhere vanishing function. We will prove the theorem in Section 5. Let us now examine what it tells us about contact toric manifolds. To this purpose suppose again that (M, α, Ψ α : M → g * ) is a contact toric manifold, x ∈ M is a point, H is the isotropy group of x and the symplectic vector space V is defined as in Theorem 3.9. Since the symplectization of (M, α) is a symplectic toric manifold, the isotropy group H is connected [D] . Since H is a torus, there exists in G a subtorus K complementary to H so that G ≃ H × K. Then the model space Y in Theorem 3.9 has the form Y = K ×m * ×V . Note that Y is a contact toric manifold and that the action of G = K ×H on Y is given as follows: K acts on K by left multiplication and trivially on everything else, H acts linearly symplecticly on V and trivially on everything else. The model moment map Ψ Y : Y → g * is given by the formula
Since Y is toric, a dimension count gives us that dim R V = 2 dim H. Since the action of H on V is faithful and symplectic, it has to be isomorphic to the standard representation of T l on C l where l = dim H. In particular Ψ Y is an orbit map, as one would expect. We are now in position to prove Proposition 3.7.
Proof of Proposition 3.7. Suppose that M is 3 dimensional contact toric manifold . Then the torus G is two dimensional and the isotropy group H is either trivial or a circle. If H is trivial, then dim m = dim G−1 = 1, so M is locally equivariantly diffeomorphic to T 2 ×R. If dim H = 1 then M is locally equivariantly diffeomorphic to S 1 × C with the action of
Thus if the action of G on M is not free, then M/G is a one-dimensional manifold with boundary. Since by assumption M is connected, M/G has to be an interval. Therfore, by a theorem of Haefliger and Salem (Proposition 4.2 in [HS]), M as a G space is uniquely determined by the isotropy representations at the points in M above the endpoints of the interval M/G. It is easy to see that in this case M is diffeomorphic to two solid tori glued together along the boundary, i.e., that M is a lense space. We conclude that if M is a three dimensional contact toric manifold and if the action of the torus G is not free, then M is a lense space. In particular M is not diffeomorphic to T 3 = S(T * T 2 ).
This finishes the proof of the main result, Theorem 4.
Equivariant pre-isotropic embedding theorem
The goal of the section is study tubular neighborhoods of pre-isotropic submanifolds. The results will be used later on to prove Theorem 3.9. 
for all x in N . Then there are neighborhoods U 0 and U 1 of N in M and a diffeomorphism ϕ :
Moreover, if a Lie group G acts properly on M preserving α 0 , α 1 and mapping N into itself, then we can arrange for the map ϕ above to be G-equivariant.
Proof. By Gray's stability theorem it is enough to check that α t = tα 1 + (1 − t)α 0 is contact at all the points of N for all t between 0 and 1. For all x ∈ N set ξ x = ker α 0 x = ker α 1 x . By assumptions (1) and (2), α 0 x = α 1 x at all points x ∈ N . Therefore α t x = α 0 x and ker α t = ξ x for all t ∈ [0, 1]. Hence to show that α t is contact at the points of N it is enough to check that α t x = 0 and that dα t x | ξx is nondegenerate for all x ∈ N and all t ∈ [0, 1]. Now dα t x | ξx = tdα 1 x + (1 − t)f (x)dα 1 x . Since t + (1 − t)f (x) > 0 for all t ∈ [0, 1] and all x ∈ N , dα t x | ξx is nondegenerate. The first part of the claim now follows by Gray's theorem.
If a Lie group G acts properly on M preserving the relevant data, then ϕ is equivariant by the equivariant version of Gray's stability theorem. Proof. Choose a splitting T E = V ⊕ H and thereby an embedding i : V * ֒→ T * E. Denote the tautological 1-form on the cotangent bundle T * E by α E . Let β = π * α + i * α E . The form β is the desired 1-form. Note that at the points of the zero section β (x,0) = π * α x and so
Remark 4.3. If E is a principal G-bundle (so F = G), then we may choose our splitting of T E to be G-invariant. The contact form β constructed above is G-invariant. Therefore there is a corresponding moment map. Moreover, if we identify V ≃ E × g then V * = E × g * and the moment map is simply the projection E × g * → g * .
Definition 4.4. Let G be a Lie group acting on a manifold M and preserving a 1-form α. We define the corresponding moment map
for all vectors X in the Lie algebra g and all points x ∈ M .
If α is a contact form then the definition of Ψ α agrees with the one given earlier. If dα is symplectic, then Ψ α is a symplectic moment map.
Lemma 4.5. Suppose that a Lie group G acts on an exact symplectic manifold (V, dλ) preserving the 1-form λ. Let Ψ : V → g * denote the corresponding moment map:
The associated bundle P × G V carries a 1-form which is contact near the points of P × G Z.
Proof. By Lemma 4.2 there exist on P × g * a 1-form β which is contact at the points of the form (p, 0). Consider the diagonal action of G on (P × g * ) × V . It preserves the 1-form −β + λ. The corresponding moment map (cf. Definition 4.4 above) Φ is given by Φ(p, f, v) = −f +Ψ(v). Therefore the reduced space at zero Φ −1 (0)/G is P × G V . The 1-form β + λ gives rise to a 1-form on the quotient which is contact near the points of the form P × G Z.
Corollary 4.6. Let V → E → B be a symplectic vector bundle over a contact manifold (B, α) . Then the total space of E carries a 1-form τ which is contact near the zero section. Moreover at the points of the zero section ker
In particular the embedding of B as the zero section is contact.
Proof. Choose a complex structure on the vector bundle which is compatible with the symplectic structure. Then the structure group of E reduces to the unitary group U (V ) of the fiber. Let U (E) be the bundle of unitary frames. Then E is the associated bundle U (E) × U (V ) V . If we contract the symplectic form ω on V with a radial vector field, we obtain a 1-form λ which is invariant under the action of U (V ) and satisfies dλ = 2ω. Now apply Lemma 4.5.
Definition 4.7. Let (M, α) be a contact manifold. An embedding i : N ֒→ M is preisotropic if i is transverse to the contact distribution ξ = ker α and if i * dα = 0.
Remark 4.8. An embedding i : N → (M, α) is pre-isotropic if and only if the embedding 0) is isotropic and i is transverse to the contact distribution ξ = ker α.
Remark 4.9. If N ֒→ (M, α) is a pre-isotropic embedding, then ζ := T N ∩ ξ is an isotropic vector subbundle of the symplectic vector bundle (ξ, ω) where ω = dα| ξ : for any x ∈ N and any v, w ∈ ζ we have 0 = dα x (v, w). Thus the definition of a pre-isotropic embedding depends only on the conformal class of the contact form and not on the form itself. Note also that ζ is an integrable subbundle of T N . If X, Y are two sections of ζ then
Definition 4.10. Let N ֒→ (M, α) be a pre-isotropic embedding. The symplectic normal bundle of the embedding is the vector bundle E := ζ ω /ζ where as before ξ = ker α is the contact distribution, ω = dα| ξ , ζ = ξ ∩ T N and ζ ω is the symplectic perpendicular to ζ in the symplectic vector bundle (ξ, ω).
Remark 4.11. Note that the restriction ω| ζ ω descends to a symplectic structure on the vector bundle E, so E is a symplectic vector bundle. If we change the contact form α to f α for some non-vanishing function f , then the corresponding symplectic normal bundle is still E, and the induced symplectic structure on E gets multiplied by f .
Remark 4.12. Recall that if U is an isotropic vector subspace of a symplectic vector space
as a direct sum of symplectic vector spaces, where the symplectic structure on U ω/U is the one induced by ω| U ω and the symplectic structure on U × U * is the standard symplectic structure on the cotangent bundle T * U = U ⊕ U * , which we will denote by ω U ⊕U * . Naturally the analogous claim holds for isotropic subbundles of symplectic vector bundles. Thus, using the notation above,
Since N is transverse to ξ we have
Thus the topological normal bundle of a pre-isotropic embedding N ֒→ (M, α) is ζ * ⊕ E. Proof. As was remarked above, the topological normal bundle of the embedding i : N ֒→ M is ζ * ⊕ E ≃ ker(α| N ) ⊕ E. Thus the data (N, α| N , E) determines the germ of the embedding topologically.
To show that it determines the germ of the embedding contactly it is enough to prove that 1. the total space of ζ * ⊕ E carries a one-form α 0 which is contact at the points of the zero section N and that 2. there are neighborhoods U of N in M , U 0 of N in ζ * ⊕E and a diffeomorphism φ : U → U 0 such that dφ(ξ) = ker α 0 . We start by constructing a one-form β on the total space of π : ζ * → N . Choose a splitting T N = ζ ⊕ ζ ′ . This gives an embedding j : ζ * → T * N . Let α T * N denote the tautological one-form on the cotangent bundle T * N . We set
Denote by (x, 0) the image of a point x ∈ N under the zero section embedding N → ζ * . Identify T (x,0) ζ * with T x N ⊕ ζ * x . Then, since the tautological one-form α T * N vanishes at the points of the zero section, we have β (x,0) = (i * α) x and, therefore, ker
which is the canonical symplectic form ω ζx⊕ζ * x on ζ x ⊕ ζ * x . This proves that β is contact near the zero section N in ζ * .
Since ζ * ⊕ E = π * E, where π : ζ * → N is the projection, ζ * ⊕ E is a symplectic vector bundle over ζ * . By Corollary 4.6 the total space of ζ * ⊕ E carries a one-form τ which is contact near N (where again N is embedded as the zero section, x → (x, 0 ⊕ 0) ∈ ζ * ⊕ E). Moreover, at a point of the zero section (x, 0 ⊕ 0)
where, similarly to the above, we identified
where ω E denotes the symplectic structure on the symplectic vector bundle E. Note that for all x ∈ N the symplectic vector space (ξ x , dα x | ξ ) is isomorphic to the symplectic vector space
. To summarize we constructed on the total space of the topological normal bundle T M | N /T N ≃ ζ * ⊕E a one-form τ with the property that for any point x of the zero section of T M | N /T N → N we have ker τ x = ξ x and dτ x | ξ = dα x | ξ .
By the tubular neighborhood theorem there exists a neighborhood W 0 of N in ζ * ⊕ E, a neighborhood W of N in M and a diffeomorphismφ : W 0 → W such that dφ x = id for all x ∈ N (provided we identify T x (ζ * ⊕ E) with T x M ).
We now apply Proposition 4.1 to W 0 , τ andφ * α to conclude that there are neighborhoods of N in (M, α) and in (ζ * ⊕ E, τ ) which are contactomorphic.
In the presence of a proper action of a Lie group G, the constructions above can be made equivariantly. For example, we may choose the splitting T N = ζ ⊕ ζ ′ to be G-invariant and so on.
Remark 4.14. The proof above also shows that the choices made in the construction of the form τ on ζ * ⊕ E lead to isomorphic contact structures on a neighborhood of N in ζ * ⊕ E.
A local normal form theorem for torus actions on contact manifolds
We are now in position to prove Theorem 3.9. We use the notation of the statement of the theorem and of the discussion preceeding the statement. According to Proposition 4.13 a neighborhood of the embedding G · x ֒→ (M, α) is characterized by the two pieces of data: the restriction of the contact form α to the orbit G · x ≃ G/H and the symplectic normal bundle E → G/H of the embedding G · x ֒→ (M, α) .
Let µ = Ψ α (x) ∈ g * . Since G is a torus, µ defines a left-and right-invariant 1-formμ on G. Sinceμ is bi-invariant it is closed. Since µ(h) = 0,μ descends to a closed 1-form ν on G/H. It is almost a tautology that under the identification G/H = G · x we have ν = α| G·x . Note that ker ν x = k/h. By definition the fiber of the symplectic normal bundle E of G · x ֒→ (M, α) above x is V . Since E is a G-homogeneous vector bundle, it follows that E = G × H V . We conclude that the model space for a neighborhood of the embedding is Y := G × H ((k/h) * × V ). It remains to construct on Y a G-invariant contact form α Y such that α Y | G/H = ν and the embedding G/H ֒→ (Y, α Y ) is pre-isotropic with the symplectic normal bundle G × H V and to compute the moment map for the action of G on (Y, α Y ). For then Theorem 3.9 would follow by the uniqueness part of Proposition 4.13.
Our construction of α Y is an adaptation of a standard argument used in the proof of local normal form theorem for symplectic moment map [GS] . It uses contact reduction (see for example [Ge] ). Recall that if a compact Lie group G acts on a contact manifold (M, α) preserving the contact form α and acting freely on the zero level set of the moment map Ψ α : M → g * , then α| Ψ −1 α (0) descends to a contact form α 0 on the manifold M//G := Ψ −1 α (0)/G. We refer to the pair (M//G, α 0 ) as the contact quotient of (M, α) by G.
Remark 5.1. One can show that the contact distribution ker α 0 on the contact quotient M//G depends only on the contact distribution ξ = ker α and not the contact form α itself, but we won't need this fact.
Choose a splitting g = k ⊕ k ′ , and hence a splitting g * = k * ⊕ Rµ (remember µ = Ψ α (x) = 0). Identify G×g * with the cotangent bundle T * G using left multiplication. Since G is Abelian this is the same identification as the one given by right multiplication. Since µ = 0, the manifold G × (k * + µ) is a hypersurface of contact type in T * G. The contact form α 1 on G × (k * + µ) is the restriction of the Liouville form α T * G on T * G. Note that α 1 is both G and H invariant where G acts by g · (a, η) = (ga, η) and H acts by h · (a, η) = (ah −1 , η). Let R denote the radial vector field on the symplectic vector space (V, ω V ). Then R is H invariant and the 1-form α V :=
